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HONORS CAPSTONE ABSTRACT
In the US, fractions are often taught in an incoherent way and fraction operations are
taught without meaning. Reform efforts continue to try to improve this situation and many rich
tools have been developed for teaching fraction computation with meaning. In particular,
students need to be able to think of fractions as quantities and understand how operations like
multiplication and division relate those quantities. To think about these operations coherently,
students must be able to think of fractions themselves as units of which other fractions can be
formed (e.g. 2/3 of 3/7). We will investigate which is known about student thinking in this realm
and the fruitful teaching strategies that have been developed. We will identify some learning
trajectories that have empirical support for their viability.
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Introduction
In elementary school, students are taught how to add, subtract, multiply, and divide
fractions. Applying this knowledge, students also learn how to represent a fraction using a
diagram, determine if two fractions are equivalent, and compare fractions based on its size value
(i.e. ordering fractions from smallest to largest or vice versa). As student progress through their
education, fractions become more frequent and more complex. One such example of fractions
that students will see in middle school, high school, and college is the topic of slope.
When students enter middle school, they are introduced to the topic of slope for the very
first time. Slope, most often described as a rate of change, is a relationship between two different
quantities where one quantity is known as “the change of y” or “rise”, and the other as “the
change of x” or “run”. In this context, the variables “x” and “y” relate to the Cartesian coordinate
system where the “rise” value relates to the y-axis being vertical, and the “run” value relates to
the x-axis being horizontal. Furthermore, the slope formula, denoted as 𝑚, is derived as: 𝑚 =
𝐶ℎ𝑎𝑛𝑔𝑒 𝑖𝑛 𝑦
𝐶ℎ𝑎𝑛𝑔𝑒 𝑖𝑛 𝑥

=

𝑟𝑖𝑠𝑒
𝑟𝑢𝑛

𝑦 −𝑦

= 𝑥2 −𝑥1. Using this formula, students in middle school learn about how slope
2

1

can form a linear function. This linear function is known as the slope intercept formula 𝑦 =
𝑚𝑥 + 𝑏, where 𝑚 represents the slope and 𝑏 represents the y-intercept. Once students enter high
school, they revisit this idea of slope, but get a more in-depth understanding of it by learning
more about its applications. However, given that slope is a fraction, are students in middle school
or high school able to understand slope if they do not understand the concept of fractions?
Throughout this research, we will investigate what is known about student’s thinking on
the following topics: fraction equivalence, fraction comparison, fraction addition and subtraction,
fraction multiplication and division, fraction cancellation, and ratios and proportions. With each
of these topics, we will look at valuable teaching strategies that can help support the differences
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of student’s thinking. Before we discuss these topics, let’s take a look at some of the most
common misconceptions students’ have about fractions.
According to Simon (2018), students have trouble with understanding fractions for two
reasons: the student’s “concept of number is restricted to whole numbers until they encounter
fractions”, and “fractions are typically represented as a relationship between two numbers”
(Simon, p.122). In regard to fractions being represented as two numbers, there are four
misconceptions that students have: “lack of fraction as quantity, a fraction as two numbers,
limited part-whole concept, and difficult understanding the referent unit” (Simon, p.123). In
addition to this, another reason why some students are having trouble with understanding
fractions is because their teacher might have a weak understanding of fractions as well. In
reference to Siegler and Hugues (2015) article, “many U.S. teachers have weak conceptual
understanding of fraction arithmetic” (Siegler, p. 910). Hence, some teachers’ having trouble
with fractions results with students learning fractions with procedural fluency instead of
conceptual understanding. According to Bulgar (2003): “When we [teachers] try to teach
children to make relationships between numbers … by teaching them algorithms…, we redirect
their attention from trying to make sense of numbers to remembering procedures” (Bulgar, p.
320). Moreover, how can teachers take these common misconceptions about fractions and help
students develop conceptual understanding of fractions in addition to procedural fluency? This
research study will address this question with each of the topics listed below, first starting with
fraction equivalence and cancellation.
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Fraction Equivalence
The term “equivalence” means equal. However, from an elementary student’s
perspective, “equivalence” may mean something else. In Chval, John, and Dusty (2013) book,
“the words “equivalent” and “equal” mean essentially the same thing, yet students may give
different meanings to them and to a third term- “same” (Chval, p.62). For example,

2

1

4

2

4

2

1

4

2

represents a fraction equivalence. This example can be read as: “ is equivalent to
example is read as “ is the same as

2

=

1
2

”. If this

”, that can be misleading to students since students can

visually see that the two fractions are not the same. However, a teaching strategy that can help
student’s see how these two fractions are the same is by using visual aids.

Figure 1: Comparing visual diagrams between two fractions
In figure 1 above (Chval, p.65), the left diagram represents the fraction
6

3

8

4

diagram represents . Although

=

6
8

3
4

and the right

do not look like the same fractions, the diagram for each

of the fractions are the same. Notice that if you compare the shaded area from one diagram to the
other, it is the same. Hence, although the use of terminology may be confusing to students, using
visual aids can help students see how two fractions can be the same even if they don’t look the
same numerically.
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Fraction Comparison
According to Chval, John, and Dusty (2013) book, there are three strategies for
comparing fractions. One strategy involves “obtaining common numerators…Which fraction is
greater:

2
5

=

2
7

?” (Chval, p.74). In this example, the numerators are the same but the

denominators are different. If we look at the denominators, although seven is a larger value than
five,
at

2
5

2
7

means that it takes a number of seventh pieces to make a whole unit. Similarly, if we look

, this means that it takes a number of fifth pieces to make a whole unit. Thereby, when we

compare a seventh to a fifth, a fifth is larger. Students have trouble understanding this difference
since they see a fraction as two numbers rather than one. In other words, students cannot make
sense of how a fraction is a single quantity. Instead, they view fractions as two different
quantities. For example, students do not see

2
5

as a single number, they might view it as “two out

of five” or “two over five”. This use of terminology results with students thinking that the value
of two and five are, in a sense, separated. Such that,

2
7

must be bigger than

larger than five. Therefore, in order for a student to understand why

2
5

2
5

because seven is

is bigger than

2
7

, they must

see a fraction as single quantity. A teacher can help a student understand this difference by using
a number line. That is, the teacher can show the student why

2
5

is bigger than

2
7

by showing the

student how a seventh and a fifth is represented on a number line. Similar to the teaching strategy
mentioned above for fraction equivalence, using visual aids is a great way for students to make
connections between a fraction represented numerically and visually.
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Let’s take a look at the second strategy, comparing common denominators. When we
compare fractions that have common denominators, that means the fractions have the same size
unit. However, the difference in the numerators tell us how many pieces we have of that unit. For
example, if we compare the fractions of

2
5

and

3 3

,

5 5

is the larger value since three is larger than

two. In other words, three represents the amount of the unit. Thereby, an amount of three is
larger than an amount of two. Although students may not struggle with this compared to how
they might struggle with fractions that have the same numerator and different denominator, it is
important for students to understand why
that

3
5

is larger than

2
5

3
5

is larger than

2
5

. By students simply remembering

because three is bigger than two, that creates a procedural fluency

learning. For students to conceptually understand why

3
5

is larger than

2
5

, students should

understand how these quantities are represented on a number line and what the numerator and
denominator means. Such that, the denominator tells what the size of the unit is, and the
numerator tells the amount of pieces there are of that unit.
For the third strategy, the book, Chval, John, and Dusty (2013), refers to it as “using
fraction benchmarks. This strategy is one that students often come up with on their own…even
when instruction focuses on other strategies “(Chval, p. 74). Every student’s learning style is
different and unique. Therefore, some students may conjecture different ways to compare
fractions. One way may include comparing two fractions to a benchmark such as
example, in comparing
17. By contrast,

12
21

8
17

and

12

8

21

17

, …we might notice that

is greater than

1
2

is less than

1
2

1
2

or 1. “For

, since 8.5 is half of

, since 10.5 is half of 21. Therefore, we could conclude that
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12
21

is greater than

8

” (Chval, p.74). Moreover, students coming up with their own “benchmark”

17

is a great way for them to learn how to compare fractions. The most important part of this
strategy is for students to conceptually understand how to compare fractions, rather than just
memorizing rules or strategies (i.e. procedural fluency). As mentioned earlier, using a number
line is a great way for students to connect the relationship between the size of the unit and the
amount of the unit there is. In other words, the use of a number line makes it easier for a student
to make a connection between a numerator, denominator, and a fraction as a single quantity.
Fraction Addition and Subtraction
Students are taught that there needs to be a common denominator before adding or
subtracting fractions. But what happens when there are fractions that do not have a common
denominator? Chval, John, and Dusty (2013) book mentions: “Mack (2004) suggests a variation
on the traditional sequence of fraction problems, beginning with addition and subtraction of
fractions with like denominators, and gradually incorporating whole numbers or mixed numbers
with like denominators” (Chval, p. 90). Therefore, if students are first introduced to adding and
subtracting fractions by being given fractions with a common denominator, how can students
learn how to add or subtract fractions when the denominators of the fractions are different?

Figure 2: A sample of a student’s work on adding and simplifying fractions
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Figure 2 above, (Chval, p. 94), shows an elementary student’s response to a given question. The
student interprets the variables in the question correctly. Such that, there is
one game and

2
6

3
5

free throws made in

free throws made in a different game. Since the question asks for the total

number of free throws from both games, the student is also correct about adding these two
fractions. However, since

3
5

and

2
6

have different denominators, these fractions cannot be added

unless the denominators are the same. Given by the student’s response, the answer of

5
11

is

incorrect. Therefore, how can a teacher explain to this student how to add these fractions when
the denominator is not the same?
As mentioned earlier, representing fractions with visual aids is a great way for students to
understand concepts better. These visual aids can include a number line, graph, table, shapes, or
anything else that helps picture a concept better.

2

1

Figure 3: A number line representing 3 − 2

Figure 3 above shows a student’s response to the following question: “Katie is riding her bike.
She bikes

2
3

of a mile from her house and then turns around and bikes

1
2

of a mile back. Find
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when Katie stops” (Chval, p. 99-100). As shown in the picture above, the student used a visual
aid to help determine Katie’s final stop. Notice that this visual aid is a number line. Therefore,
one way a teacher can help the student in figure 2 understand why

3
5

2

+ 6 does not equal

5
11

is by

using a number line. Nevertheless, visual aids provide a much deeper meaning to adding and
subtracting fractions compared to simply just telling students to find a common denominator.
Fraction Multiplication and Division
Students do not have to worry about finding a common denominator when multiplying or
dividing fractions. However, understanding fraction multiplication and division is much more
complex compared to fraction addition and subtracting. In Siegler and Hugues (2015) article, it
states:
“For addition and subtraction, the direction is the same for all positive numbers: addition
produces answers less than the minuend (the number being subtracted from). However,
for multiplication and division, the direction of effects depends on whether the numbers
in the problem are greater or smaller than one. Multiplying numbers between zero and
one always yields an answer greater than the number being divided” (Siegler, p. 910).
Given from what has been stated above, how can teachers teach fraction multiplication and
division in a way where students can get a much deeper and more meaningful understanding of
it? According to Sowder and Bonnie (1995), “We know that teachers and most other adults in
our country have a limited understanding of the meaning of multiplication and division of
fractions” (Sowder, p. 87). Therefore, if teachers have a “limited understanding” of fraction
division and multiplication, how can we help with this situation? Bulgar (2003) states: “Errors
made in division of fractions have been classified as falling into three categories: Students make
algorithmically-based errors, errors made in the computational process; intuitively-based errors,
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errors based on misconceptions associated with division; and errors based on formal knowledge,
those based on misconceptions about the nature of fractions” (Bulgar, p.319). Let’s take a look at
some examples.
3

2

In regard to multiplying fractions, let’s take a look at the following example: 5 ∗ 7. In this
context, this example means that we need

3
5

of the

2
7

amount. To be more specific, since we don’t
3

2

6

need a common denominator when multiplying fractions, this fraction is: 5 ∗ 7 = 35. In this case,
the value of
representing

6
35

3
5

means that 7th are actually 35th. Such that, if we were to draw out a diagram
and divide each

3
5

into seven pieces, the total number of boxes at the end will be

thirty-five in total. This explanation can be represented as:

3

This region is 5

3

2

Figure 4: Displays the representation of 5 ∗ 7
Notice in figure 4 above, there are three shaded boxes that represents

3
5

. Since each box was

split into seven pieces, there is now a total of thirty-five boxes or stripes. Therefore, a 7th is now
a 35th of the unit. By which, is a complex mental process for students and some teachers to
understand.
In regard to dividing fractions, this means that there must be an answer that is a number
4

1

of some fractional unit. For example, let’s take a look at the problem: 3 ÷ 3. In order to solve this

Abedrabo 13
1

4

problem, we must find out how many 3 units it takes to make 3. In the number line shown below,
1

note that there are four loops, and each loop has a value of 3. Therefore, since it took four times
4

to reach the value of 3,

4

1

÷ 3 = 4.
3

4

1

Figure 5: Displays the representation of : 3 ÷ 3.
Moreover, one way that a student can make sense of dividing or multiplying fractions is by using
a number line or a diagram. With these representations, students can see how division and
multiplication of fractions can manipulate a length of a segment into smaller or larger sizes. If
teachers are having trouble understanding the topic of fraction division and multiplication, they
should check with their school’s math department and consult with other math teachers.
Fraction Cancellation
Now that we have discussed the difference between fraction addition, subtraction,
multiplication, and division, how does this relate to the concept of fraction cancellation? When
students are given a problem such as

7+3
3

, they are told that they cannot cancel the three’s in the

problem. However, when students are given the problem

7∗3
3

, they are told that they are allowed

to cancel the three’s in the problem. Therefore, what is the difference? As mentioned earlier,
fractions can only be added or subtracted if there is a common denominator. Fractions that are
being multiplied or divided do not need a common denominator. Given the problem

7+3
3

, since
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7

3

there is a single term in the denominator, this problem can be rewritten as: 3 + 3. Hence, this
results in a fraction addition problem. Similarly, the problem

7∗3
3

3

can be rewritten as: 7 ∗ 3.

Hence, a fraction multiplication problem. Moreover, the values of three cannot be cancelled in
7

3

7

3

the addition problem since 3 + 3 = 3 + 1. In regard to the multiplication problem, 7 ∗ 3 = 7 ∗ 1.
Thereby, multiplying by a value by one simply results with the value. In this case, the value is:
7

7∗ 1= 7. However, adding a value by one results in a different value: 3 + 1 =
Using the same example above,
equivalence. As mentioned above,

7∗3
3

21

3

3

=

.

7∗3
3

, fraction cancellation can also be related to fraction

21
3

, this simplifies into a value of seven since twenty-one

can be grouped into three sets of seven. Notice that
7∗3

3

can be simplified to a value of seven by the use of fraction

cancellation. If we look at the problem

three. Thereby,

10

21
3

can also be grouped into seven sets of

.

Moreover, fraction cancellation can be applied to addition, subtraction, multiplication,
and division. However, the way fraction cancellation applies is different for each mathematical
operation. This difference also includes how fraction cancellation can be related to fraction
equivalence.
Ratios and Proportions
According to Siegler (2012), “if students do not understand fractions, they cannot
estimate answers even to simple algebraic equations. For example, students who do not
1

2

3

3

understand fractions will not know that the equation 𝑥 = 𝑦, x must be twice as large as y, or
3

that for the equation 4 𝑥=6, the value of x must be somewhat, but not greatly, larger than 6”
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(Siegler). This example can be related to the idea of how students understand ratios and
proportions from middle school.
All of the fraction material covered in this research was examined from elementary
school students. After students finish elementary school, they move on to middle school where
they learn about ratios and proportions.

Figure 6: A sample of a student’s work on ratios and porportions
Figure 6 above (Lobato, p.7) portrays a student’s solution to a given problem. Although the student
answered the question correctly, their method of solving is done by procedural fluency. That is,
the student simply used cross multiplication in order to find the missing value. This student could
have used conceptual understanding to solve this problem by revisiting the idea of fraction
equivalence. Notice that in this setup

8
6

4

= ,
𝑥

the missing value “x” can only be the value three

since four is half of eight, and three is half of six. Thereby, replacing “x” with a value of three
makes the relationship true. Therefore, the student did not need to use cross multiplication.
Conceptual understand of fractions made this problem very easy to solve and understand.
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Conclusion
In conclusion, a student’s understanding of fractions in elementary school affects the way
he or she perform tasks in middle and high school. Most often, visual aids are a great tool to help
students obtain a better understanding of fractions. However, if students learn fractions by
procedural fluency rather than by conceptual understanding, visual aids are not meaningful nor
useful. Although teachers can experience trouble with understanding fractions, they can learn
about fractions while their students are learning at the same time. Moreover, fractions can be a
very difficult topic to master, but getting a good understanding results in a lifetime of benefits.
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